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I N T R O D U C T I O N  

The problem of e las t ic i ty  theory  for a plate weakened by a periodic sys tem of aper tures  has beent rea ted  
in a se r ies  of papers  [1, 2]. As s t r e s se s  increase ,  plast ic zones arise in the plate near  the a p e r t u r e s .  The 
position of the plast ic regions has a periodic charac te r .  The elastoplast ic  problem for a thin plate with a 
single aperture  was solved in [3]. A se r ies  of papers  has been devoted to periodic elastoplast ic  problems 
for a thin plate [4, 5]. A method of approximating the s t r e s s  function in the plast ic region by a biharmonic 
function was used in [4] to solve the problem. By contrast  with [4, 5], where the method of perturbat ions was 
used, the present  paper  applies another method for solving the elastoplast ic  problem which allows a solution 
to be obtained for any relative dimensions of the region. 

We shall consider  a plate with identical round aper tures  of radius R(R <1) centered at the points 

P m =  m0), (m--  0, _+1, •  .... ), co = 2. 

We shall denote the contour of the aper ture  with center  at the point Pm by L m, the corresponding elastoplastic 
boundary by Fro, and the ex te r ior  of the contours F m by D z. Let a constant normal  load (r r =p be applied to 
the contour of aperture  Lm, and let the tangential  component be equal to zero :  ~'r0 =0 (r, 0 are polar  c o o r d i '  
nates).  Let the eonstant mean s t r e s se s  exist in the plate, ~x=Crx~ Cry=ey ~, r x y = 0  (these are tensions at infinity). 

By way of the plast ici ty condition we adopt the T r e s c a - S t .  Venant condition and assume that the inequal- 
ity a0 > - err > 0 is sat isf ied in the plastic region. The charac te r i s t i cs  in the plast ic zone are radial  s traight  
lines, and the s t r e s ses  are equal to [6] 

Gr = ~.~ + (p - -  ~ ) I ~ / r ,  co = o~, ~ro = 0.. (1) 

Here ~s is the yield s t r e ss  of the mater ia l  for simple s t ress .  For  the inequality or0-> (r r >0 to be satisfied the 
load should c lear ly  sat isfy the condition p <--es" 

In the elast ic  region the s t r e s ses  are determined f rom the Kolosov-Muskhel i shvi l i  formulas [7] 

cr~ + % = 4 Re (:I)(z), (2) 

oo -- % + 2i~re = 2~O'(z) + ~(z)] e 2~~ 

All the s t r e s se s  are continuous on the unknown contour r m  dividing the Mastic and plastic regions.  Using Eqs. 
(1), (2) we obtain the following conditions on the contour Fro: 

4 Re (I)(z) = 2o~ ~- R ( p  - -  (r~)/r; 

z ~ ' ( z )  A- q](z) = R((r  s - -  P) /2r l  e-2~e. 

We now pass to the pa rame t r i c  ~ plane with the help of the t ransformat ion  z =w(~). The analytic function z = 
co(~) per forms  the conformal  mapping of the region D z onto the region D~ in the ~ plane, which is the ex te r ior  
of the c i rc les  l m  of radius ~ and centers  at the points Pro" 

We obtain the following boundary-value problem on l m for determining the three analytic functions 
q~(~) = (i)[co(~)], ~ (~ )=  T[(o(;)], and co(~): 
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4 Re ~(~) = 2a~ + B ( p  - -  %)/~/(o(~)(0(~); 

~(~)/~'(~)r + r = R ( ~  - p)~(~)/2o(~)Vo(~)o(~) .  

We shal l  look fo r  the r e q u i r e d  funct ions in the f o r m  of  the s e r i e s  

q) (~) __ (1~ + 'fit" 2/_ ~0 -4- 052h+2 (2k + l)I 4 
4~0 

(3) 

(4) 

(5) 

r  2 ~- ~2k+2 ( 2 k + l ) l  ~ 0~24+2 ( 2 k + t ) !  ' 
h=0 h=0 

(~) ~ + ~ ~ z2~+20(24-') (b) 
= =2~+2" ~ ] ~ !  , (7) 

4=0 

where  

= y r  pm ) ~(~) ~ [(~--Pm)" PL - - " 

The p r i m e  on the s u m  denotes  that  the index m = 0  is exc luded  f r o m  the s u m m a t i o n .  We now give the 
r e l a t ions  which the coef f ic ien t s  of  Eqs .  (5)-(7) mus t  sa t i s fy .  F r o m  the condi t ions  fo r  s y m m e t r y  re l a t ive  to 
the coord ina te  axes we find that  

Im a24+~ = Im ~o.k+.o = Im A2k+s = 0, k = 0, 1, 2, . . . .  

It follows that  

% = (~-~/24)~#" 

f r o m  the condi t ion that  the  p r inc ipa l  v e c t o r  of  the f o r c e s  ac t ing  on an  a r e  joining two congruen t  points  in D$ 
should  be z e r o .  Since the pe r iod i c i t y  condi t ions  are  sa t i s f ied ,  the s y s t e m  of  boundary  condi t ions  (3), (4) on 
1 m (m= 0, :~1, •  ...) is r e p l a c e d  by two funct ional  equat ions ,  fo r  example ,  on the con tou r  l 0. 

In o r d e r  to cons t ruc t  the equa t ions  fo r  the r e m a i n i n g  coef f ic ien ts  of  the funct ions r ({ ) ,  $({) ,  and co({), 
we expand the se  funct ions in L a u r e n t  s e r i e s  in the ne ighborhood  of  the point [ = 0: 

i co co 6 ~24+2 
T(o  . + (8) h=O (Z2h+2 ~24+2 4=0 j=0 

l 00 cc ~ )~2h+2 ao 

4=0 = ~ =o 

- -  ~ (2k + 2) a2k+2~, 2k+2 ~ ( 2 / +  2k + 2) rs.4~2s; (9) 
h=0 j=0 

X2h+2 i 
- -  A24+2 ~ T) ~2~-+, + 

h=0 

j,4~ 
+ A24+2~'2h+2 (2.i + i) ' 

4=0 j=0 (10) 
co 

(2] + 2k + !)[ g j+h+,  2 i 
rh4 (2])l (2k + i)! 22i+2h+2 ' g i+h+t  ~--- Z m---'~-24+2 " 

*n= 1 

Expanding the r i g h t - h a n d  s ides  o f  Eqs .  (3), (4) in L a u r e n t  s e r i e s ,  subs t i tu t ing  the expans ions  Eqs.  (8)- 
(10) into the boundary  condi t ions  (3), (4) on the con tour  l 0(~ =~,ei0) in p lace  o f  r ), r ), and r and c o m -  
pa r ing  the coef f ic ien ts  of  e 2ik0 (k=0,  ~1,  ~2,  .. .),  we obtain  an infinite s y s t e m  of  non l inea r  a lgeb ra i c  equa-  
t ions  in Ot2k, fl2k, A2k. The equa t ions  fo r  the f i r s t  approx imat ion  a re  given below: 
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a Y - - A . , X  = B ( +  b~k + k~b), 

aZ-}-alX = B (k2b W + b l k ) ,  2a~(l -i- 2.%,o) = --  Bbl, 

4,.. r oo  
-~- (a= + % ) - -  % + 2 (a  o + a22.2ro,o) = - -  Bb, 

t 2 

2 8 2  X = 2a2A 2 -t- -'E-a.zA22. ri,o ~- aft2 ~- A.,~,2.%,o -[- A.27o, 

Y = - -  2a2a -F a ~  -F A.,~2, a = i 4- A.y-ro,o, 

Z = 2aa~2.%,o -F aTo -t- A271 -F A~fl*rt,o,  
1 4 I R ( % - - p ) ,  al = --~ A.22. rl,o, B = 

k = a~--A2-1 - l ~2"s-2-~z~2~ r~.o, k l =  a A 2 ( t + + 2 . ' r , , o ) ,  

1 k., =aA,(2 . ' r t .o - -  t) ,  d=a~- + A2( l  +--~-r21,o~?), 

d 1 = --  aA~ (1 "-5- , 

?o = " y ' ( %  - -  o ~ )  -}- J~=~3ro.o -4- ~,2.'ro., - -  4a.,.2.2ro,o, 

71 = ~22.%,o § [t4~,%,i - -  8a~2.%,o. 

R e s u l t s  of  the  c a l c u l a t i o n s  in the  f i r s t  two a p p r o x i m a t i o n s  a r e  g iven  in T a b l e  1 fo r  gx=q~176  where  
a .  =2B.  The  p a r a m e t e r  k i s  g iven  in F ig .  1 as  a funct ion of  the  magn i tude  of  the  a p p l i e d  load  Y / %  fo r  p = 0  
and f o r  s o m e  v a l u e s  of  t he  a p e r t u r e  r a d i u s  R = 0 . 5 ;  0.4; 0.3; 0.2; 0.1 ( cu rves  1 -5) .  

Se t t ing  ~ =ke iO , in Eq.  (10), we ob ta in  the  equa t ion  fo r  the  e l a s t o p l a s t i c  b o u n d a r y :  

In the  f i r s t  a p p r o x i m a t i o n  

In t h i s  c a s e  

r = Io)(2. e~O)l = f(O). 

f o r ~ _ 2.2 (d ~- ~dl cos 20). 

)J' (11) 

rmin = 2. I + A 2 1 -4- 2. 2 2] + t ' 
j = 0  

The e l a s t o p l a s t i c  b o u n d a r y  is  r e p r e s e n t e d  in F ig .  2 fo r  the  c a s e  R =0 .3 ,  p = 0 ,  q / g s - - 0 . 6 2 7  (k =0.7 ,  

rma x = 0.85, rmi n = 0.419). 

The condition rmin>--R determines the least load for which the contour of the aperture is completely 

surrounded by the plastic zone. For rma x- I, Eq. (11) allows us to find the largest load for which the plastic 

zones touch each other. Until now it has been assumed that the load p satisfies the inequality 0-< p-<(r s. 
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Fig. 2 

Now let the load p va ry  within the l imits  0->p----~ s. In this case ,  provided that the T r e s c a - S t .  Veaant flow 
condition is sa t is f ied,  the s t r e s s e s  in the p las t ic  zone are  de te rmined  by the following fo rmulas  [6] for  R <- 

r <- R e x p ( - P / a s ) ,  

(3~ = P - - ( 3 5  l n ( r / R ) .  Tro = O, 

(3o = P -!- (It + (3* I n ( r / B ) .  (30 --(3r=(3.~; 

for  r ~ R exp(-- p/(3r 

Or --- cG - - ( o j r ) R  exp( -- p~%), 

(30 ~ (3s, Tr0 = O. 

We note that in this case all the solutions of the e las top las t i c  p rob l em obtained prev ious ly  will be valid 
only on condition that the e l a s top las t i c  boundary comple te ly  sur rounds  the c i rc le  of radius  R e x p ( - p / a s ) .  It 
then suff ices to make the following fo rm a l  subst i tut ions eve rywhere  in the solutions: p is rep laced  by zero  
and R, by R e x p ( - p / a s ) .  

The author is gra tefu l  to L. A. Galin and G. P. Cherepanov for  the in teres t  in the paper .  
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